
AIAA JOURNAL

Vol. 41, No. 3, March 2003

Helmholtz-Like Resonator Self-Sustained Oscillations, Part 1:
Acoustical Measurements and Analytical Models

S. Dequand,¤ X. Luo,† J. Willems,‡ and A. Hirschberg§

Eindhoven University of Technology, 5600 MB Eindhoven, The Netherlands

We consider self-sustained oscillations of the grazing � ow along the neck of a Helmholtz-like resonator. Such
oscillations are driven by a coupling between the intrinsic instability of the shear layer, separating the main � ow
from the cavity, and the resonant acoustical � eld in the cavity. Depending on details of the shape of the neck,
acoustical velocities through the neck of the resonator of the same order of magnitude as the main � ow velocity
can be reached. For particular neck geometries, whistling is suppressed. A nonlinear model, which assumes that
the vorticity of the shear layer is concentrated in line vortices traveling at constant velocity, provides insight into
the phenomenon. For rounded edges, the model predicts the pulsation amplitude of the � rst hydrodynamic mode
surprisingly well but severely overestimates the amplitude of higher hydrodynamic modes. For sharp edges, a
modi� cation of the original model is proposed, which yields a reasonable prediction of the pulsation amplitude
(within a factor of two) of the � rst hydrodynamic mode and does not overestimate higher hydrodynamic modes.

Nomenclature
C1;4 = name of the studied con� gurations
c0 = speed of sound
d»=dt = mean acoustical velocity in neck of resonator
F = aeroacoustical sources acting on the system
f = oscillation frequency
fc = Coriolis force density
f0 = resonance frequency
H = pipe width
h = parameter for calculation of sound absorption

by vortex shedding at inner edge, 1 or 0.5
K = spring constant
L = cavity length
L eff = effective length of the resonator
` = distance between the settling chamber convergence

and the upstream edge of the mouth of the resonator
M = mass
n = integer (index) representing the number of vortices

shed at the upstream edge of the neck
Pac = acoustical power generated by the sound source

(vortex shedding at the upstream edge)
Pdown = acoustical power due to vortex shedding

at the downstream edge of the neck
Pinner = absorbed power due to vortex shedding at inner

edges of the neck
P0 = wind-tunnel blowing pressure
p0 = acoustical pressure at the top of the cavity
p0

exp = amplitude of the measured acoustical pressure
at the top of the cavity, jp0.L/j

p? = ratio of the acoustical pressure p0 at the top
of the cavity and its measured amplitude p0

exp
hpi = mean static pressure in the cavity
Q f = measured quality factor of the system
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R = damping coef� cient related to the quality factor
of the system

Re` = Reynolds number based on the distance `
S = surface of integration
Sm = cross-sectionalarea of the mouth of the cavity
Sn = cross-sectionalarea of the neck
Sr = Strouhal number based on mouth width W
Srµ = Strouhal number based on momentum thickness

µ of shear layer
T = oscillation period
T 0 = time needed by a vortex to travel through neck

of the resonator
t = time
U = steady potential � ow velocity
U0 = velocity of the discrete vortices
U0 = main � ow velocity amplitude
urot = rotational part of the velocity � eld
u0 = local acoustical velocity
u 0

y = component in the y direction of local
potential � ow vector

V = absolute value of the local � ow velocity
V = local � ow velocity
VS = volume of integration
V ? = ratio of velocity magnitude V and main

� ow velocity U0

v = velocity in the complex plane
v = velocity � eld
vx = computed velocity component in x direction
vy = computed velocity component in y direction
v? = complex conjugate of velocity v
jvj = absolute value of the velocity � eld
W = neck width (mouth width)
x = coordinate in main � ow direction
y = coordinate normal to � ow
z = point coordinate in complex plane
® = opening angle of downstream edge of the neck
0 = circulation of the point vortices representing

vorticity � eld
0d = circulation of point vortices shed at the

downstream edge of neck
0u = circulation of point vortices shed at upstream

edge of the neck
1p = discontinuityof pressure in the neck
1!3dB = width of resonancepeak (at 3 dB)
± = Dirac function
µ = momentum thickness of shear layer
· = geometrical factor
º = kinematic viscosity
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» = acoustical particle displacement
½0 = density of air
! = vorticity � eld
!0 = resonance pulsation
h i = time averaging over an oscillation period

Introduction

W E consider a subsonic grazing � ow along a deep cavity as
shown in Fig. 1. This is a generic model for aircraft cavities

or a car with an open sunroof. In such applications, self-sustained
oscillations are a nuisance. In other cases, whistling of such a res-
onator can be useful, for example, in stall control.1 The cavity has
a neck between the opening (mouth) and the rest of the cavity. This
implies that the cavity will have, as a Helmholtz resonator, strongly
nonharmonic resonance frequencies. The cavity is, however, not
shallow enough to neglect wave propagation in the cavity, and we,
therefore, call this a Helmholtz-like cavity. Near the lowest reso-
nance frequency f0, the cavity acts as a monochromator, and the
oscillations are almost purely harmonic. This justi� es a simpli� ed
description of the acoustical response of the system, as used in our
further analysis.

As the grazing � ow velocity U0 increases, self-sustained oscil-
lations appear in critical ranges of Strouhal numbers Sr D f W=U0

based on the mouth width W in the streamwise direction. Self-
sustained oscillations of such systems have been extensively
studied.2

The � rst models proposed were based on linear stability analy-
sis assuming the response of the shear layer, separating the grazing
� ow from the stagnant � uid in the cavity, to be described by the lin-
ear inviscid theory for in� nite parallel � ows. Such models provide
predictions of critical Strouhal numbers for maxima of pulsation
amplitudes. They also predict a cutoff of the shear layer response
abovea criticalStrouhalnumberSrµ D f µ=U0 basedon the momen-
tum thickness µ of the shear layer.3 For low-amplitude pulsations,
increasing the thickness of the upstream boundary layer by means
of a spoiler does indeed suppress the oscillations.4;5

More formal linearized models have been initiated by Möhring6

who considered cavities built out of thin plates and assumed in-
� nitesimally thin shear layers. It now appears accepted that the � ow
separation at a sharp upstream edge is well described within the
framework of an inviscid � ow theory by a Kutta condition (see
Refs. 7–10). The characterof the � ow singularityat the downstream
edge, however, remains obscure.7;11 Although mathematically very
elegant, such models can never predict � ow-inducedoscillationam-
plitudes because they are linear models.

Our aim is to consider the performance of some simpli� ed non-
linear models that provide a prediction of the amplitudes of self-
sustained oscillations. The � rst example of such a model was pro-
posed by Howe.12 He assumed that the cavity oscillation is driven
by acoustically induced vortex shedding at the downstreamedge of
the mouth of the cavity. As an alternative, Nelson et al.13;14 pro-
posed to represent the shear layer by discrete line vortices. These
discretevortices accumulatethe vorticity shed at the upstreamedge,

Fig. 1 Experimental setup.

while they move at a constantspeedU0 ¼ 0:4U0 alonga straightline
between the edges of the mouth of the cavity. The predicted ampli-
tudes for square-edged cavities are, however, a factor of three or
four too large. Bruggeman et al.5 identi� ed the unrealistic head-on
collision of a point vortex with the � ow singularity at the sharp
downstream edge as the cause of this shortcoming. This was con-
� rmed by Howe.7 Hirschberg15 obtained an analytical prediction
for the particular case that the acoustical � eld can be assumed to be
uniform across the mouth of the cavity. This is a model of a cavity
with smoothly rounded mouth edges. Mongeau et al.16 proposed
also a simple analytical model based on the Nelson et al.14 model.
For the recorder � ute, Fabre et al.17 and Verge et al.18 argued that
Howe’s model12 predicts an absorption that is equivalent to that of
the quasi-steady � ow model of van Wijngaarden.19

Experimental studies by Bruggeman et al.5 and Panton20 have
demonstrateda spectacular effect of the geometry of the mouth and
the neck of the cavity on the resonancepulsation amplitudes. In the
present paper, we present additional experimental data. We discuss
this behavior in terms of the Nelson et al.14 model for the shear
layer. The vortex shedding at the downstream edge is described
either by use of Howe’s12 model or by use of a quasi-steady � ow
model that is also used to predict turbulent losses at the inner edge
of the neck. In a companion paper,21 we discuss results of detailed
� ow measurements and of numerical simulations.

After a survey of the main experimental results, the theory is
summarized, and the results of the models are compared with ex-
perimental results.

Experimental Study
Experimental Setup

The experimentalsetup is shown in Fig. 1. The resonatoris placed
in a semi-anechoic room, 60 mm downstream of the outlet (with
square cross-sectional area of 60 £ 60 mm) of a silent wind tun-
nel. The resonator volume consists of an aluminum pipe of square
cross-sectional area of H 2 D 60£ 60 mm2 and 2-mm wall thick-
ness. Hence, we have a 60-mm thick jet blowing along the opening
of the resonator. Metal plates of 3-mm wall thickness are glued on
the pipe walls to reduce wall vibrations.The pipe is terminated by a
piston in which a piezoelectricaltransducer(PCB 116A with Kistler
Charge ampli� er Type 5007) is placed. The piston position can be
varied and is determined within 1 mm.

The neck of the resonator is shaped by two blocks of aluminum
(of 25 mm height),whichcan be changed(Fig. 2). It has the same lat-
eral dimension H as the pipe. The distance W between the upstream
and the downstreamedges in the mouth plane (Fig. 3) is determined
within 0.1 mm. We consider either sharp edges or “rounded”edges.
Insteadof actually roundingoff the edges, the neck edges are cham-
fered at an angle of 45 deg. Edges are kept as sharp as possible

Fig. 2 Detail of experimental setup: neck of the resonator.
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Fig. 3 Neck blocks.

(radius of curvature of the order of 10¡5 m). We veri� ed that such
chamfered edges show aeroacousticalbehavior very similar to that
of rounded edges. The use of chamfered edges allows the simula-
tion of � ow separation by means of an inviscid � ow computational
method based on the Euler equations as discussed in the companion
paper.21

Acoustical Measurements
During the acousticalmeasurements,theacousticalpressure p0.t/

at the top of the resonator, its frequency f , the length L of the res-
onator, and the main � ow velocity U0 were measured. The pres-
sure signal p0.t/ measured at the top of the resonator volume is
almost purely harmonic. Its frequency f was measured by means
of a Philips frequency meter (Type PM 6671). Its amplitude p0

exp
was deduced from rms voltagemeasurementof the charge ampli� er
output signal by means of a digital voltmeter.

The wind-tunnel blowing pressure P0 was measured within 1-Pa
accuracyby means of a Betzmicromanometer.The main � ow veloc-
ity U0 was deduced from the reservoirpressureby using Bernoulli’s
formula U0 D

p
.2P0=½0/ with density ½0 D 1:2 kg/m3.

Because low frequencies are considered,only plane waves prop-
agate in the resonatorvolume. In such a case, the acousticalvelocity
in the neck of the resonator is calculated from the measured acous-
tical pressure p0 by means of the formula

d»

dt
D

H

W

jp0
expj

½0c0
sin

³
2¼ f L

c0

´
sin.2¼ f t/ (1)

in which .d»=dt/ represents the “mean” acoustical velocity in the
neck de� ned as the acoustical volume � ux divided by the mouth
cross-sectionalarea WH. Here » is the acoustical particle displace-
mentde� nedas positivewhen it is directedinto thecavity.The global
behavior of the dimensionless amplitude jd»=dtj=U0 as a function
of the Strouhal number Sr D f W=U0 is, for a given neck geometry,
independent of the resonator length L . Variations in jd»=dt j=U0 as
a function of L are smaller than 20%. Most of our measurements
were therefore carried out at L D 191 mm. This corresponds to fre-
quencies of the order of f D 280 Hz at which measurements of U0

are accurate.

Effect of Edge Geometry
We distinguish three types of edges in the neck of the resonator

(Fig. 3): the inner edge, the upstream edge of the mouth, and the
downstream edge of the mouth. All of these edges have a strong
in� uence on the � ow behavior in the neck of the resonator.Most of
the time, their effect can be explained qualitatively, and theoretical
models will be introduced in the next section.

This section presents experimental results obtained from acous-
tical measurements for different neck geometries.

Inner Edge
Vortex shedding at inner edges can only induce acoustical en-

ergy losses because there is no main � ow from which energy can
be extracted. Figure 4 shows the effect of the presence of sharp or
rounded inner edges. When the inner edge is sharp (squares), turbu-
lent losses are more important than when the inner edge is rounded

Fig. 4 Dimensionless acoustical velocity amplitude d»/dt /U0 in the
neck of the resonator as a function of the Strouhal number Sr = fW/U0:
effect of the inner edge (L = 190 mm).

Fig. 5 Dimensionless acoustical velocity amplitude d»/dt /U0 in the
neck of the resonator as a function of the Strouhal number Sr = fW/U0:
effect of the upstream edge (L = 190 mm).

Fig. 6 Dimensionless acoustical velocity amplitude d»/dt /U0 in the
neck of the resonator as a function of the Strouhal number Sr = fW/U0:
effect of the upstream edge and of the inner edge (L = 190 mm).

or chamfered (circles). In the presence of a sharp inner edge, vortex
sheddingoccurs both during in- and out� ow of air through the neck.
This explains qualitatively the differences in amplitude observed in
Fig. 4.

Upstream Edge of the Mouth
When the upstream edge of the mouth is sharp, the initial acous-

tical absorptiondue to the vortex shedding can be very strong. This
effect has been reported earlier by Bruggeman et al.5 and Panton.20

Figure 5 shows that this effect can even fully suppress the oscilla-
tions.

The effect of the upstream edge combines with the effect of the
inner edge. Figure 6 shows the difference in amplitudes that occurs
when, for a rounded downstream edge, we change the shape of the
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other two edges. In this particular case, the presence of a sharp
upstream edge reduces the pulsation amplitudes by more than a
factor of four.

Downstream Edge of the Mouth
The effect of the geometry of the downstreamedge is much more

dif� cult to predict.Figure 7 shows experimentalresults for different
opening angles ® of the downstream edge. Again, the presence of
a sharp edge will induce vortex shedding. However, it is not clear
whether this vortex will absorb or produce acoustical energy. In
his original study, Howe12 proposed a model that predicted sound
production due to this vortex shedding. We will argue in the next
section that this vortex always absorbsacousticalenergy.The sound
productionbyvorticesshed at theupstreamedgecanalsobe affected
by the shape of the downstream edge.

The acoustical power is related to the acoustical velocity. When
a vortex shed at the upstream edge reaches the downstream edge, it
will produce acoustical energy if the acoustical velocity is negative
[(d»=dt/.t/ < 0]. The power generated is expected to increase with
the reductionof the edge angle® becauseof the increasedsingularity
of the local acoustical velocity � eld u0 at the edge. That is what we
observefor angles45 · ® · 90 deg in Fig. 7 with a kind of saturation
at ® D 45 deg. For an openingangle ® D 15 deg, we observe a lower
acoustical velocity amplitude. In this case, the acoustical energy
absorbed by the vortex shed at the downstream edge is expected to
be of the same orderof magnitudeas the acousticalenergy produced
by the vortex shed at the upstream edge. For the angle ® D 90 deg, a
sudden decrease in amplitude is observed at low Strouhal numbers.
This behavior is typical for low amplitude regime as explained by
Bruggeman et al.5

When the upstream edge of the mouth is rounded, the effect of
the opening angle of the downstream edge becomes much less sig-
ni� cant (Fig. 8). This differenceof behaviorwith that observedfor a

Fig. 7 Dimensionless acoustical velocity amplitude d»/dt /U0 in the
neck of the resonator as a function of the Strouhal number Sr = f W/U0:
effect of the downstream edge (L = 190 mm).

Fig. 8 Dimensionless acoustical velocity amplitude d»/dt /U0 in the
neck of the resonator as a function of the Strouhal number Sr = f W/U0:
effect of the downstream edge (L = 190 mm).

sharp upstream edge (Fig. 7) could indicate an absorptionthreshold
below which the pulsation behavior is rather independentof the ex-
act value of the absorption. Another explanation is that, in the case
of a rounded upstream edge, the vortex path remains far remote
from the downstreamedge, whereas, for a sharp upstream edge, the
vortex does interact with the downstream edge. Flow visualization
shows this for Strouhal numbers around Sr D 0:3. We will see in
Ref. 21 that this effect is predicted by an Euler � ow simulation.

Theory
Vortex Sound

Our model is based on Howe’s7 generalization of Powell’s22

vortex-sound analogy. Howe’s7 key idea is that the local acousti-
cal � ow velocity u0 is de� ned as the unsteady part of the potential
� ow component of the velocity � eld v. In the low Mach number
limit that we consider here, the source of sound appears to be the
Coriolis force density

fc D ¡½0.! £ v/ (2)

which an observer moving with a � uid particle experiences as a
result of the vorticity! D r £ v. In this expression,the � uctuations
in � uid density are neglected so that the density within the source
region is taken as a constant ½0 . When this level of approximation
is used, the acoustical power Pac generated by this source is simply
given by23

Pac D
Z

Vs

fc ¢ u0 dV (3)

where the integration is taken over the source region of volume Vs .
A key point in the use of Howe’s energy corollary7 is that we

simply ignore, in our model, spurious sound sourcesdue to the time
dependenceof the circulation0.t/ of the point vorticesrepresenting
the vorticity � eld. This time dependence would in an exact model
induce a spurious discontinuity 1p D ¡½0.@0=@ t/ of the pressure
across the feeding line between the vortexand the (sharp)edge from
which vorticity is shed.

Vorticity Field
Howe12 Model: Effect of the Downstream Edge

The model for the vortex shedding at the downstream edge is
inspired by Howe’s12 model. The vortex is assumed to be induced
by the acoustic � ow. The vorticity is concentratedinto a line vortex
of strength 0d . This vortex imposes a Kutta condition at the down-
stream edge. In other words, the vortex strength is tuned to compen-
sate the singularityof the potential acoustic � ow at the downstream
edge. When the vortex is outside the cavity, the vortex path is cal-
culated by adding the effect of images of the vortex in the walls,
to the convective main � ow velocity (U0 , 0, 0). When the vortex is
shed cavity inward, we ignore the effect of the main � ow and set
U0 D 0 in Howe’s model. As the vorticity 0d is tuned to remove the
singularityof the acoustical� ow at the downstreamedge, the vortex
vanishes each time the acousticalvelocity d»=dt changes sign. This
implies that a new vortex is formed each time the velocity d»=dt
changes sign. This model was applied by Howe to a slit placed in
an in� nite plane with a grazing � ow U0 both above and below the
slit (Fig. 9). In that case, Howe’s approximate analytical solution
predicted sound production.

Howe’s analytical solution is compared (Fig. 9) to the solution
obtained when his model is solved numerically for two time de-
pendencies of the acoustical velocity: a square wave and a purely
harmonic oscillation.

The acoustical energy hPaci=.½0U 2
0 jd»=dt jWH/ (where h i de-

notes a time averaging over half a period of oscillations, which is
the life time of a vortex) is plotted as a function of the dimen-
sionless acoustical velocity jd»=dt j=U0 (Fig. 9). We observe that
the analytical solution (open square) predicts a sound production,
whereas the numerical solution (� lled symbols) predicts a sound
absorption both for a square wave time dependence (� lled square)
and a sine wave time dependence (� lled circle).

In all further calculations, we use the results of the numerical
calculationwith a sinewave time dependence.As alreadyexplained,
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Fig. 9 Howe’s12 model for a slit geometry (calculations for a � xed
Strouhal number Sr = fW/U0 = 0.25); comparison between analytical
and numerical solution: ¤, analytical square wave time dependence; ¥,
numerical square wave time dependence; and ², numerical sine wave
time dependence.

Fig. 10 Absolute value of the circulation ¡n
u(t) of individual vortices

for two different main � ow velocities, such as T0 < T and T0 > T.

we assumed a grazing � ow U0 during half a period when d»=dt < 0,
while we set U0 D 0 in this model for d»=dt > 0. The slit case will
only be used for comparison with experiments with a downstream-
edge angle ® D 15 deg.

The model has also been applied to the square-edged geometry.
The results are similar to those of the slit. Details of the results are
presented by Dequand.24

Nelson et al.14 Model: Effect of the Upstream Edge
The model proposed by Nelson et al.14 assumes that the rate of

vorticity shed at the upstream edge is given by

d0u

dt
D d0u

dx

dx

dt
¼

U 2
0

2
(4)

In this formula, it is assumed that the vorticity is convected in the
shear layer with an averaged velocity of U0=2.

We assume that the vorticity of the shear layer is concentrated
into point vortices of coordinates x0u and y0u traveling at a con-
stant velocityU0u D 0:4U0 on the straight line joining the upstream
to the downstream edge. The acoustic � eld triggers the forma-
tion of a new vortex each oscillation period. Following Nelson
et al. and Bruggeman et al.,5 this formation corresponds to the mo-
ment at which the acoustical velocity d»=dt changes sign from res-
onator outward to resonator inward. This is the moment tn D nT ,
for n D 0; 1; 2; : : : ; at which the pressure at the top of the cavity
reaches a minimum. Furthermore, it is assumed that, after a linear
growth during the � rst period of its existence, the vortex reaches
a � nal circulation that is kept constant (Fig. 10). The interaction
between the vortex and the acoustic � eld is assumed to stop when
the vortex reaches the downstream edge. We simply assume that
the vortex is annihilated with its image in the wall as soon as it
has passed the downstream edge. This model is described more in

detail in earlier papers.5;15 Figure 10 shows the absolute value of
the circulation 0n

u .t/ of the nth vortex. 0n
u .t/ depends on the time

T 0 D H=U0u needed by the vortex to travel through the neck of the
resonator.

Quasi-Steady Flow Models: Effect of the Inner Edge
In the presence of inner edges, turbulent losses due to the forma-

tion of secondaryvortices appear.We describe this phenomenonby
means of incompressible quasi-steady � ow models as used earlier
by Ingard and Ising25 and van Wijngaarden.19

The neck of the resonator can be compared to a straight pipe.
When the acoustic � eld enters the neck, the presence of an inner
edge has the same effect as an open pipe and there is a jet formation
driven by the acoustic � ow, followed by a turbulent mixing region
(Figs. 11a and 12a). When the acoustic velocity changes sign (each
half oscillationperiod), the � ow behavior depends on the geometry
of the neck. If the inner edge is rounded, there is no � ow separation
(Fig. 12b). If the inner edge is sharp (Fig. 11b), a freejet that has
a vena contracta is formed. We assume for simplicity a contraction
factor of 0.5. Then, the jet � ow becomes turbulent. This process
is described by means of a quasi-steady � ow model without wall
friction.

By use of this model, the sound absorptionby vortex shedding at
the inner edge is given by

hPinneri D 1
2

½0 f0

Z h= f0

0

Z

S

Z ­­­­
d»

dt

­­­­

³
d»

dt

´2

dS dt 0 (5)

where f0 is the resonance frequency.
When the inner edge is sharp (Fig. 11), turbulent losses are

taken into account during one oscillationperiod (h D 1). When it is
rounded(Fig. 12), turbulentlossesare taken into accountduringhalf
an oscillationperiod (h D 0:5). Equation (5) could also describe the
sound absorptionhPdowni due to vortex shedding at the downstream

a) In� ow

b) Out� ow

Fig. 11 Acoustically driven � ow separation at the sharp inner edge of
a neck.
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a) In� ow

b) Out� ow

Fig. 12 Acoustically driven � ow separation at the rounded inner edge
of a neck.

edge of the neck. We will compare this quasi-steady � ow model to
the point vortex model basedon Howe’s12 model in the next section.

Simpli� ed Model
Acoustical Model

The resonatorcanbedescribedas a mass–springsystemforwhich
we have

M
d2»

dt 2
C R

d»

dt
C K » D F .t/ (6)

where F .t/ correspondsto the aeroacousticalsources that act on the
system and » is the mean acoustical displacement de� ned earlier.
F .t/ describestheeffectof vorticesandwillbedeterminedbymeans
of the models presented in the preceding section.

The mass M and the damping coef� cient R are determined from
the passive acoustical response of the resonator in the absence of
main � ow. The damping coef� cient R is related to the measured
quality factor Q f D !0=1!3dB ¼ 30 of the system by

R D !0 M=Q f (7)

The mass M is relatedto theeffectivelength L eff of the resonator.Leff

is determined by applying the mass conservation law between the
neck and the resonatorand is deduced from the measured resonance
frequency f0 ,

L eff D .W=H /.c0=2¼ f0/ cot[.2¼ f0=c0/L] (8)

Then, the mass M of the system is calculated from

M D ½0L eff H W (9)

By de� nition, the resonance pulsation of the resonator is
!0 D 2¼ f0 D

p
.K =M/. Therefore,the springconstantK is obtained

from

K D .2¼ f0/
2½0 Leff H W (10)

We will further neglect departuresof f from f0.

Energy Balance
By multiplyingEq. (6) by d»=dt and by averagingover one period

of oscillation, we obtain the energy balance of the system

R f0

Z 1= f 0

0

³
d»

dt

´2

dt 0 C hPinneri C hPdowni

D f0

Z 1= f0

0

Z Z

VS

Z
fc ¢

³
d»

dt

´µ
u0

¿³
d»

dt

´¶
dy dt 0 (11)

The left-hand side of Eq. (11) represents the acoustic energy ab-
sorbed as described in the preceding section and the right-handside
the acoustic energy produced by the system.

Because we assume that vortices are convected along a straight
line and at a constant velocity U0 D 0:4U0, the energy balance can
be written as

R f0

Z 1= f0

0

³
d»

dt

´2

dt 0 C hPinneri C hPdowni

D U0u f0

Z 1= f0

0

Z Z

VS

Z
0u.t/±

£
x0u .t/

¤
±
£
y0u .t/

¤ u 0
y

d»=dt
d»

dt
dy dt 0

D U0u H f0

Z 1= f0

0

0u.t/
u 0

y

¡
x0u ; y0u

¢

d»=dt

d»

dt
dt 0 (12)

in which · D u 0
y=.d»=dt/ is a geometrical factor that relates the

component in the y direction of the local potential � ow vector u0
y to

the acoustical � ux HW.d»=dt/ through the neck.

Local Acoustical Field Geometrical Factor
When theneck edgesare rounded,we assumethat thegeometrical

factor · D u 0
y =.d»=dt/ is a constant15:

· D Sn=Sm (13)

where Sn is the cross-sectionalarea of the neck and Sm D HW is the
cross-sectionalarea of the mouth of the cavity along the vortex path
(which takes into account the chamfers of the neck; Fig. 3).

When we want to take into account the effect of edgeson the local
acoustical� ow distribution,we calculate· by means of a conformal
mapping. This is done by local potential � ow calculations.Because
we know that our model tends to overestimate the effect of the
downstream singularity on the sound production by the vortex rep-
resenting the shear layer, we will use the modi� ed geometry shown
in Fig. 13 to calculate the geometricalfactor· D u 0

y =.d»=dt/. In this
modi� ed geometry, the downstream edge is replaced by a wall.

Near the singularity (z D 0), we know that the � ow velocity be-
haves as z¡1=3 (Ref. 26). Therefore, we � t the solution to get an
analytical expression of ·.t/. We � nd

·.t/ D aU
¡ 1

3
0u

t¡ 1
3 C b (14)

where a D 0:1941 and b D 0:2978.
The proposed approach is quite arbitrary. Alternatives such as

considering a different vortex path could also be considered.7

Results
Prediction of the Effect of Downstream Edge on Pulsation Amplitudes

Figures14–16 compare the measured pulsation amplitudes to the
prediction of the proposed analytical model. The continuous lines
represent the data obtained when we use the numericalmodel based
on Howe’s12 model to predict the effect of the downstreamedge (see
Theory section). The dashed lines represent the same calculation
when the effect of the downstream edge is taken into account by
using a quasi-steady � ow model (as that used to predict the effect
of the inner edge).
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Actual Modi� ed

Fig. 13 Geometry chosen to avoid the singularity of the downstream edge.

Fig. 14 Dimensionless acoustical velocity amplitude as a function of
Strouhalnumber; comparisonbetween experimental data and results of
analytical models: , upstream edge rounded; ¥, upstream edge sharp;
——, dataobtainedwith Howe’s12 model topredict effect ofdownstream
edge; and – – –, samecalculationwhen effect ofdownstreamedge is taken
into account with a quasi-steady � ow model.

Fig. 15 Dimensionless acoustical velocity amplitude as a function of
Strouhalnumber; comparisonbetween experimental data and results of
analytical models: , upstream edge rounded; ¥, upstream edge sharp;
——, dataobtainedwith Howe’s12 model topredict effect ofdownstream
edge; and – – –, samecalculationwhen effect ofdownstreamedge is taken
into account with a quasi-steady � ow model.

For the ® D 90 deg geometry (Figs. 14 and 15), we observe that
the pulsation amplitude is quite well predicted by the model when
the upstream edge is rounded (circle).However, when the upstream
edge is sharp (square), the model overestimates the amplitude by
a factor of two. For these geometries, the predictions of Howe’s12

model and the quasi-steady � ow model are equivalent.
Note that themodel for roundededgesdramaticallyoverestimates

the amplitude of the second hydrodynamic mode at Sr ¼ 0:8. The
model for sharp edges does not show such unrealistic behavior at
high Strouhal numbers.

Fig.16 Dimensionlessacousticalvelocity amplitudeas a functionof the
Strouhalnumber; comparisonbetween experimental data and results of
analytical models: , upstream edge rounded; ¥, upstream edge sharp;
——, dataobtainedwith Howe’s12 model topredict effect ofdownstream
edge; – – –, same calculation when effect of downstream edge is taken
into account with a quasi-steady � ow model.

Fig.17 Dimensionlessacousticalvelocity amplitudeas a functionof the
Strouhal number; comparison between experimental data and results
of analytical models: ——, data obtained when effect of downstream
edge is taken into account by using a quasi-steady � ow model.

When the downstream edge has an angle of 15 deg (Fig. 16), we
use theHowe12-basedmodel for the slit geometry.For thisgeometry,
we observethatourmodeloverestimatesthepulsationamplitudesby
a factorof 1.5–2. The quasi-steady� ow model, with a vena contracta
factor of 0.5, gives a better prediction. This result was unexpected.
Indeed, we expected that the quasi-steady � ow model would not
be valid when the opening angle of the downstream edge decreases
and that Howe’s12 model would provide a better description of the
actual � ow.
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Limitations of the Model
The convective velocity of the vortices is actually amplitude

dependent.5 This explainsthat our modeldoes not accuratelypredict
the Strouhal number range in which pulsations occur. Furthermore,
the model does not predict the effect of a variationin the shapeof the
downstream edge (Fig. 17).

Our quasi-steady� ow model of the vortex shedding at the down-
stream edge does not take into account the different vena contracta
effects that occur when the opening angle is different from 90 deg
and could be improved.

Conclusions
Systematic acoustical measurements have been performed and

have provided informationabout the in� uence of the neckgeometry
on self-sustained oscillations of a Helmholtz-like resonator. The
effect of each edge can be describedby means of analyticalmodels.
The effect of the upstream edge is rationalized by means of the
Bruggeman et al.5 and Hirschberg15 implementations of the point
vortex model of Nelson et al.14 We propose a modi� cation of these
models to reduce the spuriouseffect of the collisionof a point vortex
with the downstream edge singularity. The presence of the inner
edge is taken into account by means of quasi-steady � ow models.
The effect of the downstreamedge can be describedeither by means
of a numerical implementation of Howe’s12 model or by means of
a quasi-steady � ow model. The quasi-steady model gives results
closer to experimental data, but the differences are not signi� cant.

Comparisonsbetween analyticaland experimentaldata show that
the pulsation amplitudes of the � rst hydrodynamic mode are rea-
sonably predicted (within a factor of two). For rounded edges, the
pulsation amplitudes of higher hydrodynamic modes are overesti-
mated, whereas they almost vanish for sharp edges as observed in
the experiments.

The proposedmodel is not able to describequantitativelythe � ow
behavior. In particular, the absence of effects of the downstream
edge on the sound production for a rounded upstream edge cannot
be understood with our simple models. This justi� es the use of
numerical simulations for a more detailed study of the � ow. This is
discussed in the companion paper.21
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